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S
ymbolic spreadsheets have received 
little attention in mathematics educa-
tion, largely because of students’ lack of 
access to them in classrooms. But this 
picture is changing rapidly with the 

availability of the TI-Nspire™ CAS calculator and 
classroom software such as Maple™ and GeoGebra. 
Further, spreadsheets and CAS software have been 
given significant status in the Common Core State 
Standards (CCSSI 2010), now adopted by more 
than forty states. The symbolic spreadsheet can help 
students engage with mathematics as an experi-
mental discipline that moves from examining many 
individual cases to reasoning with general patterns, 
including recursively defined functions.

An emphasis on recursive processes is evident in 
several examples in “Reasoning with Functions,” 
chapter 6 of NCTM’s Focus in High School Math-
ematics: Reasoning and Sense Making (NCTM 2009). 

This is no surprise. Nine years earlier, Principles 
and Standards for School Mathematics (NCTM 2000) 
recommended that students in grades 9–12 “should 
encounter a wide variety of situations that can be 
modeled recursively” and should learn “to see how 
some functions can be defined recursively as well as 
explicitly” (p. 305). Moreover, Principles and Stan-
dards recognizes technology’s role in the investiga-
tion of recursively defined functions: “With utilities 
for symbol manipulation, graphing, and curve fitting 
and with programmable software and spreadsheets 
to represent iterative processes, students can model 
and analyze a wide range of phenomena” (p. 297). 

The following investigation is an adaptation of 
the activity “The Devil and Daniel Webster” found 
in Navigating through Algebra in Grades 9–12 (Burke 
et al. 2001, p. 27). Traditional spreadsheets (e.g., 
Excel®) work well for the initial parts of the activ-
ity, nicely demonstrated in the NCTM Illuminations 

A tool that combines the power of computer 
algebra and traditional spreadsheets can greatly 

enhance the study of recursive processes.

Maurice J. Burke
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students predict the balance of Webster’s account 
after 30 days and compare their predictions. If 
they have had prior experience with an electronic 
spreadsheet, ask students why Webster requested 
a spreadsheet. At this point, having calculated by 
hand the Devil’s due and the amount in Webster’s 
account for the first four days, students should rec-
ognize the efficiency of using a spreadsheet. 

activity “The Devil and Daniel Webster” (http://
illuminations.nctm.org/LessonDetail.aspx?id=L288). 
However, here the TI-Nspire CAS will be used to 
elevate the investigation to an algebraic level. 

INVESTIGATING A RECURSIVELY DEFINED 
PROCESS 
Devil: Daniel, I know of a fabulous investment 

opportunity, but I need some money to make the 
investment.

Daniel Webster: What’s that got to do with me?
Devil: If you put $1000 into an account I have cre-

ated for you, I will double your money by the end 
of the first day. My commission for that day will 
be a mere 10 percent of your initial investment, 
or $100. It will be deducted as the “Devil’s due” 
for that day, leaving you $1900 in your account 
at the end of the first day! On each successive 
day, I will double the amount in your account 
and double the Devil’s due to be subtracted for 
that day. By the end of the fourth day, you will 
have almost $13,000! But you need to promise to 
stick with the plan for at least 30 days so that I 
can build up some capital of my own. You could 
be a rich man, Daniel. What do you say?

Daniel Webster: Hand me a spreadsheet.

There are many ways to engage students in 
spreadsheet explorations, starting with understand-
ing the problem, recognizing the appropriateness of 
using a spreadsheet, and taking a personal interest 
in the outcome. Teachers can begin this investi-
gation with students by discussing whether they 
think the Devil’s proposition would be a good deal. 
It is important to ask whether they should trust the 
Devil’s calculations. Have the students compute by 
hand the amount in Webster’s account at the end of 
the fourth day. This approach helps confirm their 
understanding of the process proposed by the Devil 
as well as identify its recursive structure. Have 

Fig. 1  students create a spreadsheet with the initial 

information.

Fig. 2  students complete the table by using the Fill option 

(a). Daniel would be deeply in debt at the end of day 30 (b).

(a)

(b)
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To work this problem on a spreadsheet, students 
can designate three columns to represent, respec-
tively, the day (n), the Devil’s due (d) for that day, 
and the balance in Webster’s account (w) at the end 
of that day (see fig. 1). The day numbers 0–30 are 
entered in column A; 0 is placed in cell B1 for the 
Devil’s due on day 0, and 1000 is placed in cell C1 
as Webster’s initial investment. 

Students using spreadsheets learn to refer to a 
cell’s numeric value by means of the cell’s address, 
a process that can help them understand variables. 
Specifically, the cell’s content is a variable, and 
the cell’s address is the name of the variable in an 
expression typed into another cell. To help students 
think in this manner, challenge them to make the 
spreadsheet do as many of the calculations as pos-
sible. Instead of entering 100 into cell B2 as the 
Devil’s due on day 1, they enter the formula = 0.1*c1 

and compute the 100 (see fig. 1). Likewise, they 
enter the formula = 2*c1-b2 into cell C2 to indicate 
Webster’s balance at the end of day 1 and enter the 
formula = 2*b2 into cell B3, yielding $200.

Students highlight cell B3, choose Fill Down from 
the calculator’s menu, and drag the cursor to cell 
B31, thus copying the formula in cell B3 into cells 
B4 through B31. This process computes the Devil’s 
due for each of the 30 days. Similarly, copying the 
formula from C2 into cells C3 through C31 gives 
the balance in Webster’s account after each day 
(see fig. 2a).

Note that the spreadsheet uses relative address-
ing unless prompted otherwise by the use of $ 
symbols in the formulas entered. This means that 
the formula in C2 (= 2*c1-b2) is actually telling the 
calculator to compute the contents of the cell by 
doubling the contents of the cell just above it and 
subtracting the contents of the cell just to the left of 
it. When that command is copied into cell C31, rep-
resenting the balance in Webster’s account on  
day 30, the effect is to compute cell C31 by dou-
bling the contents of the cell just above it, C30, and 
subtracting the contents of the cell to the left of it, 
B31. (See the formula for C31 in fig. 2b.)

Figure 2 reveals that Webster would owe the 
Devil a lot of money at the end of day 30. Be sure 
to discuss this result with students, asking them, 
“Are you surprised by anything in the outcomes?” 
and “Are you sure these numbers are correct?” The 
latter question, always important, is crucial in the 
context of spreadsheets. When using calculators, we 
expect students to use number sense in evaluating 
the outcomes of a single calculation performed on 
a calculator. But spreadsheets are calculations on 
steroids, spilling out huge numbers of calculations 
at once. Students can check the results by reviewing 
the formulas in randomly selected cells to make sure 
that cells are being computed correctly, and they can 

compare the initial results in the spreadsheet with 
their manual calculations for the first four days.

Another question is especially relevant to recur-
sive applications: What are the essential inputs 
required by the process for the spreadsheet to com-
plete the table? These are the critical parameters 
of the process. In this case, they include Webster’s 
initial investment ($1000), the Devil’s initial per-
centage (10 percent), and the day-to-day growth 
factor (doubling). Students must realize that once 
those parameters are stipulated, the rest of the table 
is determined. 

At this point, students might conclude that 
the Devil’s proposition is a bad deal and that they 
need not investigate further. But this conclusion 
truncates the reasoning and sense-making process 
emphasized in NCTM’s Standards and in the Com-
mon Core State Standards, particularly the “reason-
ing habits” described in Focus in High School Mathe-
matics (NCTM 2009, pp. 9–10). Most students have 
little insight as to why the investment, seemingly 
safe, could turn out so badly. Specifically, they do 
not understand the arithmetic process well enough 
to make a reasonable counterproposal to the Devil 
that would be favorable to Webster. Here, as is 
so often the case, opportunities for mathematical 
inquiry flourish after the initial problem is solved, 
a phenomenon well described in Pólya’s “thinking 
back” stage of the problem-solving process (Pólya 
1945, 2004, pp. 205–6). Pólya considered this stage 
the most important one for the development of the 
future mathematician. 

SEARCHING FOR AN EXPLANATION
Challenge students to explain the dire outcome 
in a way that allows them to make a reasonable 
counteroffer favoring Webster. Have them consider 
graphs of the data and compare graphs to gain more 
insight into what is happening. These graphs can 
be generated using the TI-Nspire CAS (see fig. 3).  
When studying the graphs as well as the num-
bers in the table, students can see that Webster’s 
account grows nicely until day 19, at which time 
the balance in his account remains the same as it 
was at the end of day 18 (see fig. 2a). 

High school students should be familiar with 
graphs of exponential functions (NCTM 2009,  
p. 45), but they are likely to be puzzled by the graph 
of Webster’s account. This is an opportunity to 
discuss the traits of unusual functions with graphs 
such as this. Can students find an explicit formula 
for a function that fits Webster’s graph? Moreover, 
the Common Core State Standards Initiative calls 
for students to understand that “linear functions 
grow by equal differences over equal intervals” and 
that “exponential functions grow by equal factors 
over equal intervals” (2010, p. 70). Can exploring 
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the growth rates of the sequences help students find 
such a function?

The exponential appearance of the function’s 
graph should lead a class to the observation that the 
ratio of consecutive terms in the Devil’s due is 2:1 
and that this sequence is represented explicitly by 
dn = 100 • 2n-1. This should provoke the idea of look-
ing at other ratios, such as the ratios of consecutive 
terms in the balances of Webster’s account, wn+1/wn, 
and the sequence of ratios comparing the balances 
in Webster’s account with the Devil’s due on each 
day, wn/dn. Whether students are looking at the 
differences or the ratios of terms in sequences, the 
spreadsheet enables them to discover patterns.

The ratios of consecutive terms in Webster’s 
account, wn+1/wn, are computed by entering the 
formula = c2/c1 in cell D1 and copying the formula 
down to cell D31 (see fig. 4a). No simple patterns 
emerge. The ratios of Webster’s balance to the Dev-
il’s due, wn/dn , are computed by deleting the formula 
in D1, entering = c2/b2 in D2, and copying D2 down 
to D31 (see fig. 4b). This time, a distinct pattern 
emerges, allowing students to predict a formula: 
wn/dn = 20 – n for n > 0. Further, knowing that 
dn = 100 • 2n-1, students can conjecture that wn = 100 •
2n-1(20 – n). They can use the spreadsheet to com-
pute the values of this formula for n from 0 to 30 and 
relate the formula’s factorization to its graph. Both 
sources of information support their conjecture.

Even assuming for the moment that this explicit 
formula is correct for all n > 0, we confront many 
unresolved issues. Students must realize that explicit 
formulas might be useful for calculating terms in a 
sequential process but do not necessarily explain or 
clarify what is going on in that process. For instance, 
why do the critical parameters of the problem dictate 
that Webster’s account goes broke on day 20? 

EXPERIMENTING WITH PARAMETERS
At this point, ask students to explore variations in 
the parameters and prepare to return to a whole-
class discussion with their discoveries, observations, 
conjectures, and questions. Teachers might suggest 
that one group of students varies Webster’s initial 
investment, that another group varies the Devil’s 
initial percentage, and that yet another group varies 
the growth factor. When students experiment with 
the parameters, they must update the tables cor-
rectly. This is a good time to point out the benefit 
of storing critical parameters in their own cells of 
the spreadsheet. In figure 5, the initial percentage 
is stored in cell E1 and the growth factor in F1; they 
are referenced by absolute addresses using $ sym-
bols in the formulas in columns C and D. (See the 
formula for cell C2.) Now, when students change 
the numbers in cells C1, E1, or F1, the table updates 
without the students having to recopy formulas. 

Students varying Webster’s initial investment 
can observe many patterns. A clear pattern is that 

Fig. 4  ratios of consecutive terms in Webster’s account 

are computed (a). ratios of Webster’s account to the Devil’s 

due yield a pattern (b).

(a)

(b)

Fig. 3  a graph confi rms the unexpected drop in Webster’s account. 
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he always goes broke on day 20. The power of the 
symbolic spreadsheet over other representations 
is evident at this stage. To verify this conjecture, 
have students enter a variable i for Webster’s initial 
investment (see fig. 6). When students under-
stand the new results correctly, their hunches are 
confirmed. However, do not assume that students 
understand the significance of what appears before 
them. It is critical for classroom discourse to help 
students realize that when a variable is entered 
for a quantity, the spreadsheet does not close the 
operations involving that quantity in the way that it 
closes, for example, 2(1000) – 100 and reports 1900. 
Hence, when the initial investment is replaced with 
a variable, the operational effects are not masked by 
their combination with other arithmetic processes 
in the problem. At this stage, students are still left 
with the question of why the initial parameters 
determine day 20 as the go-broke date. 

Students investigating the effects of varying the 
growth factor also observe many compelling pat-

terns. Recall that the growth factor was initially 2 
because the Devil’s commission and the amount 
in Webster’s account doubled each day. If urged to 
use systematic variation of the growth factor, stu-
dents will observe that every increase of 0.1 in the 
growth factor adds one day to the go-broke time, 
leading to the conjecture that Webster goes broke 
when the day number is 10 times the growth factor.

For example, when the growth factor is 2.8, the 
go-broke day is 28 (see fig. 7a). Again, to encour-
age students to verify their conjectures, suggest that 
they enter a variable g for the growth factor (see fig. 
7b). Distinct trends appear. Students can use the 
symbolic spreadsheet to “expand” the expressions 

Fig. 5  Designating separate cells for parameters makes 

variation easier.

Fig. 6  the initial investment is entered as a variable.

Fig. 7 Webster goes broke on day 28, when the growth  

factor is 2.8 (a). the growth factor is entered as a variable 

(b). cas commands can be used within the spreadsheet (c).

(a)

(b)

(c)
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in columns C and D, thereby making the patterns 
more apparent and revealing how the columns 
relate to the day number and the growth factor. 
(Note how the expand command is incorporated into 
the formula for cell C2 in fig. 7c). For example, the 
w_d_ratio for day n appears to be 10g – n, verifying 
that Webster goes broke when n = 10g. However, 
questions still arise, such as why 10g appears in the 
ratio instead of 9g or some other multiple of g.

Students investigating the effects of varying 
the Devil’s initial percentage will find the patterns 
more challenging to describe algebraically. Even 
so, when they enter a variable p for the percentage 
and expand the expressions in columns C and D, 
compelling patterns appear (see fig. 8). The Devil’s 
due in column B follows the explicit pattern dn = 
2n-1(1000p), and the ratios in column D follow the 
pattern wn/dn = 2/p – n. These relationships allow 
students to deduce an explicit formula for the bal-
ance in Webster’s account on day n: wn/dn = 2/p 
– n implies that wn = dn(2/p – n); hence, when we 
replace dn by its explicit formula, wn = 2n-1(1000p) • 
(2/p – n). Discussing these results leads to conjec-
tures about the role of the growth factor in the for-
mula and about the possibility of a single formula 
showing the role of all parameters in the problem.

A BROADER PROBLEM SPACE 
Pólya advised, “Having made some discovery,  
however modest, we should not fail to inquire 
whether there is something more behind it, we 
should not miss the possibilities opened up by the 
new result, we should try to use again the procedure 

used. Exploit your success” ([1945] 2004, p. 65). 
His advice is certainly appropriate at this stage of 
the investigation. After students have explored the 
effects of the different parameters and shared their 
discoveries with the entire class, help them investi-
gate ways to combine the results into a useful syn-
thesis. The class might “use again the procedure” by 
simultaneously representing all the critical param-
eters with variables (fig. 9). Recall that g is the 
growth factor, p is the percentage that the Devil ini-
tially charges, and i is Webster’s initial investment. 
The ratio of the balances in Webster’s account to 
the Devil’s due follow a simple pattern: wn/dn =  
g/p – n. Similar patterns reveal that dn = gn-1ip and 
that wn = gn-1i(g – np). 

These formulas allow students to suggest modest 
changes to the parameters that will ensure a substan-
tial profit for Webster, such as making the Devil’s 
initial percentage 7.25 and demanding a growth fac-
tor of 2.25 each day. This adjustment would leave 
Webster with more than $1 trillion after 30 days. 
Students should also discuss the question of whether 
these formulas will continue to work for all possible 
values of n, not just the values up to 30. Here the 
CAS features of the spreadsheet can allow students 
to verify that, for all n > 0, the explicit formulas sat-
isfy the recursive relations stipulated in the problem.

If we use the parameter values in the original prob-
lem, the recursive formula for the balance in Webster’s 
account is wn+1 = 2wn – dn+1 or, using the explicit for-
mula for the Devil’s due, wn+1 = 2wn – 100(2n) with w0 = 
1000. The conjectured explicit formula for this balance 
is wn = 2n-1(1000)(2 – 0.1n), or wn = 2n-1(100)(20 – n). 
To verify that the explicit formula satisfies the recur-
sive formula, substitute the conjectured explicit value 
of wn+1—that is, 2(n+1)-1(100)(20 – (n + 1))—and of wn—
that is, 2n-1(100)(20 – n)—into the left and right side of 
the recursive formula, respectively. After simplifying, 
students confirm that the explicit formula does indeed 
represent the recursive process for all n, not just the 
cases examined in the spreadsheet (see fig. 10).

Fig. 8  the initial percentage is entered as a variable. 

Fig. 9  the general pattern suggests that wn = gn–1i(g – np).

Fig. 10  cas verifies that the explicit formula satisfies the 

recursive formula.
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CONCLUSION
 “When making mathematical models, technology 
is valuable for varying assumptions, exploring con-
sequences, and comparing predictions with data,” 
notes the Common Core State Standards Initiative 
(2010, p. 72). This exploration of the recursive 
process in the Devil and Daniel Webster problem 
reveals that the symbolic spreadsheet fits this bill. 
Indeed, the scope of this technology reaches far 
beyond the study of such processes into other areas 
of the high school curriculum. It puts more power-
ful mathematics within the reach of all students. 
Most important, it can help teachers create oppor-
tunities for students to engage in experimentation, 
sense making, reasoning, and problem solving, 
thereby achieving the vision of technology and the 
mathematical practices called for in Focus in High 
School Mathematics and in the NCTM and Common 
Core State Standards. 
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